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1 The Kontsevich Integral 



We choose to define a knot to be a smooth embedding of into (or R'^). 
One can define an equivalence relation on the category of knots called am- 
bient isotopy, which we will denote by ~. An isotopy between embeddings 
7i, 72 : X — 7- F is a homotopy 7 : X x / — )• F through embeddings [GSj . 
An ambient isotopy between two knots 70 : S*^ — )■ 5*^ and 71 : — is an 
isotopy 7 : S*^ X / — S*^ through diffeomorphisms T : x I S'^ such that 
To = id S3 and 74 = Ft 070 for all t. A knot is a link with only one component. 
We choose to define a link with q components to be a smooth embedding of 
JJ^S*^ into (or M^). The above definition for isotopy carries over to the 
case of links. 

In a first time, we will be interested in isotopy classes of knots since orig- 
inal definitions for the concepts that we will introduce presently where made 
in the case of knots. To distinguish one class from another, one needs a func- 
tion on knots that takes different values on different classes, but which must 
of course be constant on equivalence classes, and such an object is rightfully 
called an isotopy invariant or invariant for short. Typically an invariant is 
valued in some abelian group G, and if we denote by ZKnots the abelian 
group generated by oriented knots, we write F : ZKnots/ ~ — t- G for an 
invariant F, it is a G- valued functional on the set of equivalence classes of 
knots. We can generalize this definition to the case of links: if "LLinks/ ~ is 
the set of equivalence classes of oriented links, G is an abelian group, then a 
link invariant F will be a map F : TLLinksj ~ — t- G. 

Of those invariants, Vassiliev invariants [V] are of particular importance. 
Such invariants are functionals on 'LKnotsj ~ that are extended to be de- 
fined on singular knots whose singularities are transversal self-intersections. 
One first defines a positive crossing in the image of a knot to be: 



where the arrows indicate the orientation on the portion of the knot that 
is being displayed. A negative crossing is represented as: 
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One represents a transversal self-intersection as follows: 




At this point one can extend invariants of knots to also be defined on singular 
knots, with the use of the relation: 



where V is any link invariant. By iterating this procedure, one can extend 
a link invariant to be defined on knots with multiple double-crossings. If 
a link invariant V has its extension vanishing on knots with more than m 
self-intersections, one says that \^ is a Vassiliev invariant of type m. 



where the argument of V above has more than m self-intersections. Due 
to the local nature of the extension of knot invariants to singular knots, we 
see that we can generalize the definition of a Vassiliev invariant to the case 
of links. A Vassiliev invariant of links will be said to be of type m if it eval- 
uates to zero on any singular link with more than m double-crossings (not 
necessarily same component intersections). 

Among the Vassiliev invariants of finite type m, one has the degree m part 
of the Kontsevich integral first introduced in |K]. One should note that the 
Kontsevich integral as it was initially defined is not strictly speaking a knot 
invariant, but once it is corrected as we shall do below, then it becomes an 
honest knot invariant, and its final corrected form is a universal Vassiliev in- 
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variant in the sense that every finite type Vassihev invariant factors through 
it H] [BN] |DBN2] |ChDuj . 



Before introducing this integral, we define the algebra ^ ^ in which the 
integral takes its values. For a singular oriented knot whose only singulari- 
ties are transversal self-intersections, the preimage of each singular crossing 
under the embedding map defining the knot yields a pair of distinct points 
on S^. Each singular point in the image therefore yields a pair of points on 

that are conventionally connected by a chord for book keeping purposes. 
A knot with m singular points will yield m distinct chords on S^. One refers 
to such a circle with m chords on it as a chord diagram of degree m, the 
degree being the number of chords. The support of the graph is an oriented 
S^, and it is regarded up to orientation preserving diffeomorphisms of the 
circle. More generally, for a singular oriented link all of whose singularities 
are double-crossings, preimages of each singular crossing under the embed- 
ding map defining the link yield pairs of distinct points on possibly different 
circles depending on whether the double crossing was on a same component 
or between different components of the link. We also connect points making 
a pair by a chord. A link with m singular points will yield m chords on ]J S"^. 
We call such a graph a chord diagram. The support is ]J regarded up to 
orientation preserving diffeomorphism of each S^. 

One denotes by V the complex vector space spanned by chord diagrams 
with support 5*^. There is a grading on P given by the number of chords 
featured in a diagram. If denotes the subspace of chord diagrams of 
degree m, then one writes: 

V = ©„>oP^"^^ (2) 
One quotients this space by the 4-T relation which locally looks like: 
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where solid lines are intervals on 5*^ on which a chord foot rests, and arrows 
indicate the orientation of each strand. One further quotients this space by 
the framing independence relation: if a chord diagram has a chord form- 
ing an arc on with no other chord ending in between its feet, then the 
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chord diagram is set to zero. The resulting quotient space is the complex 
vector space generated by chord diagrams mod the 4-T relation and framing 
independence and is denoted by A. The grading of V is preserved by the 
quotient, inducing a grading on A: 

A = ©„>o^^™^ (3) 

where A^"^^ is obtained from T'('") upon modding out by the 4-T and the 
framing independence relations. All this carries over to the case of links by 
formally extending the 4-T relation to the case of q disjoint copies of the 
circle in the case of a g-components link, and the resulting C-vector space 
will be denoted A{UgS^). 

The connected sum of circles can be extended to chorded circles, thereby 
defining a product on A, making it into an associative and commutative 
algebra. The Kontsevich integral will be valued in the graded completion 
A = llm>o ^^""^ of the algebra A. 

As far as knots are concerned, we will work with Morse knots and geomet- 
ric tangles, and for that purpose one considers the following decomposition 
of as the product of the complex plane and the real line: = x R ~ 
C X R, with local coordinates z on the complex plane and t on the real line 
for time. A morse knot K is such that to K is a Morse function on S^. If one 
denotes by Z the Kontsevich integral functional on knots, if K is a Morse 
knot, one defines [K], [BNj : 

^(^) - E 7^ / E i-^r'''Dp n dlog Az[P.] 

m>0 ^ ' P applicable l<i<m 

(4) 

where t^m and tmax are the min and max values of t on respectively, P 
is an m-vector each entry of which is a pair of points on the image of the 
knot K, P = (Pi, ...,Pm), where the i-th entry Pj corresponds to a pair of 
points on the knot. One refers to such P's as pairings. If we further situate 
these paired points at some height tj, and denote these two points by Zi and 
z'i, then we define A2;[Pj] := Zi — z'^^. We denote by Kp the knot K with m 
pairs of points placed on it following the prescription given by P, along with 
chords connecting such points at a same height. A pairing is said to be ap- 
plicable if each entry is a pair of two distinct points on the knot, at the same 
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height [BNj . We will assume that all chords are horizontal on knots and 
will drop the adjective applicable, simply referring to P's as pairings. One 
denotes by e{P) the number of those points ending on portions of K that are 
locally oriented down. For example if P = {z{t), z'{t)) and K is decreasing 
at z{t), then it will contribute 1 to e{P). One also define the length of P to 
be \P\, the number of pairings it is a combination of. If we denote by lk the 
embedding defining the knot K then Dp is defined to be the chord diagram 
one obtains by taking the inverse image of Kp under lk, that is Dp = t'^Kp. 
This generalizes immediately to the case of Morse links, and in this case the 
geometric coefficient will not be an element of A but will be an element of 
^(llq if argument of Z is a g-components link. 

Now if one wants to make this integral into a true knot invariant, then 
one corrects it as follows. Consider the embedding in of the trivial knot 
as: 



where the dot is the product on chord diagrams extended by linearity, and 
m is a function that captures the number of maximal points of any knot K 
that is used as an argument of Z. In the case of links, there will be one such 
correction for each component of the link, with a power mj on the correction 
term for the i-ih component, where is the number of maximal points of 
the i-th link component. Equivalently, Z{L) is the same as Z{L) save that 
every link component in the expression for Z[L) is multiplied by z/'"', 
1 < i < q. In what follows we will be working with Z only and not its 
corrected form Z. 

The Kontsevich integral Z{K) of a knot K can be computed as in (jl]), 
which can easily be generalized to the case of links. However, it can also be 




Consider the following correction jK] : 



Z := Z{S^)-"\Z 



(5) 
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computed by first putting the knot K in braid position [A]. This is done 
as follows. We can generalize the Kontsevich integral to the case of tangles 
[BNj . and in particular to that of braids. By closing the braid to recover the 
knot, the Kontsevich integral of the braid then yields Z{K). In this work 
we will mainly focus on the integral of braids. Braids close to links. This 
enables one to define the integral Z{L) of links L whose coefficients are val- 
ued in chord diagrams with support on the link L. By taking the preimage 
of such chord diagrams under the embedding map defining the link L, the 
coefficients become valued in A(W S^) where we have as many copies of as 
we have components in the link. This is how we are naturally led to consider 
the Kontsevich integral of links, and we will follow the above procedure for 
computing such an integral. 

In section 2, we introduce the configuration space of unordered points 
in the complex plane, the natural setting for studying braids. In section 3 we 
present the general notion of chord diagrams. After introduction of this fun- 
damental material we present the background work done on the Kontsevich 
integral and how it was argued that it was the expansion of some holonomy 
in section 4. Section 5 presents a detailed proof that the knot functional gen- 
erating the Kontsevich integral is exactly the holonomy for some connection 
on a bundle of chord diagrams over the configuration space of N points. Sec- 
tion 6 is a careful derivation of the Knizhnik-Zamolodchikov equation from 
first principles. 

Acknowledgments. The author would like to thank D.Yetter for valuable 
discussions regarding certain aspects of this work. 

2 The configuration space of N points in the 
plane 

A link in is ambient isotopic to a closed braid [X] |JB] . so that one can 
deform a link into a braid part, outside of which all its strands are parallel. 
For a given link, let A^ be the number of strands of its braid part. A^ will 
depend on the link we have chosen. The transversal intersection of these A^ 
strands with the complex plane will yield a set of A^ distinct points, each point 
resulting from the intersection of one strand with this plane. It is natural 
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then to study, for any given N, the space defined as the configuration 
space of N distinct unordered points in the complex plane: 

:= {(zi, Zn) G C^|z, = z,^t= j}/Sn = (C^ - A)/5^ (6) 

where Sn is the permutation group on elements and A is the big diagonal 
in C^. The labeling of points of Xn is not induced by any ordering on but 
rather is a way to locate the points in the complex plane whose collection 
defines a single point of X^. We will sometimes write J2i<i<N[^i\ instead of 
{zi,...,zn} to represent points in configuration space. The points zi,...,zj^ 
of the complex plane defining a point Z = ^i<j<^[2i] of X^r will be referred 
to as the N defining points of Z. We consider the topolog y T on Xi\i gener- 
ated by open sets of the form U = {Ui, Un} where the Ui, 1 < i < N are 
non-overlapping open sets in the complex plane. We will also refer to those 
open sets Ui, Un as the defining open sets of the open set U of X^- 

We review the basic terminology pertaining to braids as presented in 
|JB] since we will work extensively with braids in what follows. The pure 
braid group of is defined to be 7ri(C^ — A), and the braid group of 
is defined to be ni{Xj^). A braid is an element of this latter group. If q 
denotes the regular projection map from — A to Xj^, Z = {zi, z^) e 
— A, gZ G Xat, then 7 G •ni^X^.qZ) based at qZ is given by a loop 
7 = {71, ...,7Ar} which lifts uniquely to a path in — A based at Z that 
without loss of generality we will denote by the same letter 7. Then we 
have 7 = (71, ...,7jv). The graph of the i-th. coordinate of 7 is defined to be 
Fj := {{pfi{t),t) I t G /}, 1 < i < A^. Each such graph Fj defines an arc 
7j G C X J and 7 := Ui<j<Ar7j G C x / is called a geometric braid, which we 
will refer to as the lift of 7. As such it is open, and its closure is a closed 
braid. 

3 Chord diagrams 

We will be interested in considering chord diagrams with support on a point, 
and later on chord diagrams with support on a geometric braid 7 in C x /, so 
for that purpose one considers a more general definition of chord diagrams 
than the one presented in the introduction which was sufficient to discuss the 
Kontsevich integral of knots. 
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Definition 3.1 ( |LMj ). Let X be a one dimensional, compact, oriented, 
smooth manifold with numbered components. A chord diagram with sup- 
port on X is a set of finitely many unordered pairs of distinct non-boundary 
points on X defined modulo orientation and component preserving homeo- 
morphisms. One realizes each pair geometrically by drawing a dashed line, 
or chord, stretching from one point to the other. One denotes by A{X) the 
C-vector space spanned by chord diagrams with support on X modulo the 
framing indepence relation as well as the 4-T relation: if i, j and k are in- 
dices for components of X on which chords are ending, then locally the 4-T 
relation can be written: 







+ 

k 






k 






+ 

k 






k 


i 




J 




j 


J 


i 


j 


i 


i 



One defines the degree of a chord diagram to be the number of chords a 
chord diagram has, and we call it the chord degree. This induces a graded 
decomposition of the space A{X): 

^(X) = 0^('")(X) (7) 

m>0 

where ^^'"•'(X) is the C-vector space of chord diagrams of degree m with 
support on X. We write ^(X) for the graded completion of ^(X). 

One is especially interested in the case where X is a geometric braid 
7 G C X / corresponding to some loop 7 in Xn- The strands are oriented 
up, t = being the bottom plane of the space C x / in which the braid is 
embedded, t = 1 corresponding to the top plane. Since indices for pairings 
match those for the times at which they are located, chords will be ordered 
from the bottom up. For m = 1, a chord will stretch between two strands, 
say the strands indexed by i and j, and we will denote such a chord diagram 
by G -^(7)5 corresponding to the pairing (ij) in this case. If we want to 
insist that the skeleton of the chord diagram is a given geometric braid 7 then 
we write |«j)(7). In certain situations it will be necessary to also indicate 
at which point along the braid is the chord situated for location purposes. 
Once we have it is sufficient to have the height t G / at which we 

have to place the chord on 7 and \ij){'y)(t) is defined to be a chord 
between the i-th and j-th strands of 7 at height t, or equivalently a chord 
between (7j(t), t) and {■yj(t),t). In that case we work with a representative of 
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the class defining the chord diagram \ij){'y)- We define a non-commutative, 
associative product ^5 on A{X) for some geometric braid X as follows: 

Definition 3.2. Let X be a geometric braid with strands. We define the 

^E> -product of two chord diagrams Di G A^'^'^X) and D2 E A^""'\X), and 

we denote it by Di D2 to be the chord diagram in (^X) whose 

chords are, from the top, those of Di followed by those of D2. Equivalently, 

Di ^5 D2 is the concatenation of the chord diagrams Di and D2 with support 
the trivial braid, followed by the concatenation with X. The identity for this 
product is X itself, the empty chord diagram. We will sometimes use a 
vertical notation for such products to make the reading easier. For example, 
we will sometimes write 

^ (8) 
D2 



instead of Di 
commutative. 



D2. By definition, this product is associative, and non- 



Example 3.3. Pick X as the following geometric braid on 3 strands: 



and: 
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then we have: 



whereas: 



Do 









r 1 




thereby illustrating the non-commutative nature of the -product, 
the associativity: 
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{Di ^ D2) ^ D3 





but we also have: 



Di ^ (L>2 ^ i^a) 





In words, the product is just a superposition map. Extend by 

hnearity, thereby making (A{X), +, '=> ) into a C-algebra. 

For X a geometric braid, we have the following fact for {A{X), +, ^5 ): 



>m 



(9) 



A^'\X) 



We will be interested in chord diagrams supported at a point of C^C := 
C-^— A, or apoint of X^v- For apoint Z — {zi, z^} e X^, some P — {k, I), 
1 < k I < N, \P){Z) e A{Z) is a chord between Zk and zi in X^. We 
denote by ^(X^r) the complex vector space spanned by all such elements, 
and by A{X]s[) its graded completion. 

We will also be interested in working with elements of A'^^\X)i^Q^{log C) 
with X to be determined, that we denote by \ij)d\og{zi — Zj). In this notation 
if 7 e C X / is a geometric braid obtained from lifting a loop 7 in Xjy, if we 
arbitrarily index the N strands of 7, then the k-th strand is obtained from 
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lifting a path in the complex plane given by some function z{t), t E I. For a 
chord between the i-th and the j-th strands which are the respective hfts 
of paths 7i and 7^ in the complex plane given by functions Zi(t) and Zj{t), 
t G I, then the difference of two such functions. This leads us to 

defining the subspace (log AC) of log differential functionals on C, defined 
by dlog(A2;[2;i, -^2]) = dlog(2;i — Z2). We have a projection: 

Q\log AC) ^ (C^ - A)/S2 (10) 
dlog{zi - Zj) H- {zi, Zj} (11) 

On the other hand, represents a chord stretching between the i-th and 
j-th strand of a given braid. We define a projection: 

^(1) (^bratd) ^ (C' - A) /S2 (12) 
\tj){Z)^{zi,Zj} (13) 

It follows that we must have \ij)d\og{zi — zj) e ^^^^(braid) Xg^c ^""^(log A 
C) := V^^\ and \ij)d\og(zi - Zj) E V^f , so that: 

V^^^ = (Bi<i<j<NV^^ (14) 

If necessary we may use a subscript V^^ to emphasize the dependency of 
that vector space on the one dimensional manifold X. 

Using the -product on chord diagrams, extended to chord diagram 
valued log differential as follows: 

\ij).dlog{zi- Zj) 

^ = ^ .dlog{zi - Zj).dlog{zk - zi) (15) 

\kl) .dlog{zk - zi) \kl) 



if we define: 
as well as: 



T/M= ^i<,<^y« (16) 



i^;r = ^i<.<.c. (17) 

where / = (ii, • • • , i^) and J = (ji, • • • ,jm)-i we have the following result: 
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Lemma 3.4. 

Vff (18) 

KJ 

/,Je{i,...,iV}'" 

where I = {ii, i^) < J ^ {ji, ...,jrn) if ik < jk for all k, 1 < A; < m. 
Proof. It suffices to write: 

= ^ i<fe<™v-(') (19) 

= l<k<m ®l<ik<jk<N ^ifcjfc (20) 



= (21) 

l<ii<ji<N ^ 

l<im<jm<N V^^]j^ 

- © Vff (22) 
7,Je{i,...,iv}- 

where I = (ii, i^) < J ^ (ji, ...,jrn) if «fe < jk for all k, 1 < /c < m. □ 
The elements of V^'^^ are of the form: 









k i i 


1 


i 


J 





where in this example we have: 

si=j,ti^l (23) 

Sm = ht^ = k (24) 

and Zs^ , Zt^ are the coordinates in the complex plane for the points of inter- 
section of the Sj-th and i^-th strands respectively with the complex plane 
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containing the i-th chord. We can write such elements in compact form as 
^\P\=m^P-\P)-^"^^'^& ^^{^]^ complex coefficients, and d™ log A 

z[P] is short for ni<i<m dlog(A z[Pi]) = Ui<k<m^^og{zs^ - ZtJ where we 
define Az[Pi] = Zk - zi if pi\Pi){Z) = {zs^,zt^}. 



4 Background material 

It is possible to generalize the work of Chen |ChI] . |ChII] on connections 
and holonomy of non-commutative graded algebras fibered over manifolds to 
the case where the algebra is taken to be A{I^) where denotes the trivial 
braid with vertical strands, equally spaced, of length one, leading to ex- 
press the Kontsevich integral as the transport of a formal connection along 
a loop in C^C = C^— A |Koh] . |BN] . We briefly summarize how this is done. 

Chen [Chi] ffist extended the definition of a linear connection on a vector 
bundle over some manifold to the case where the bundle has as fiber a not 
necessarily finite dimensional, non-commutative graded algebra. Consider 

{A{I^), +, ^E> ) |BN] which in this simple case has a product ^5 given by 
the connected sum For two chord diagrams |P)(/^) and |P')(/^) with 
support on one can define |P)(/^)#|P')(/^) by gluing |P)(/^)(t = 0) to 
|P')(/^)(t = 1) strand-wise. One further considers such chord diagrams mod 
the 4-T and framing independence relations, thus making the algebra with 
# as a product a non-commutative algebra. We see this algebra as being 
trivially fibered over C^C, and we put some connection V = d — a; on it 
|ChII] . One chooses u to be the usual Knizhnik-Zamolodchikov connection 
1-form: 

c^ = T^ V |A;0(/'^).dlog Azfc, (25) 

l<k<l<N 

The transport of a section ^ of A{I^) is given by solving the following graded 
equation for the parallel transport r of ^ along a loop 7 in the base C^C 
[Chi]: 

dr = OUT (26) 
Solving this formally degree by degree, one gets the transport r of the con- 
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nection a; |ChII] : 

^ = 1 + E/^" (27) 



n>0 

Formally: 



(28) 



Define a pairing: 

(-,-): T*CjvC X a(LCjvC) ^ C 

(w, c) (cj, c) := / w = / c*w (29) 



for some smooth c : ^ Ca^C, and C^{LC^'C) denotes the free chain 
complex of non-degenerate loops in C^'C. Armed with these notations one 
can write, for 7 G LCj\fC: 

(r,7) = (l,7) + E(^"'^) (30) 

n>0 



k<l 



+ E / Az,,(t2)dlog AzH(ti)') Kj)(/^)#|A;/)(/^) + 



k<l 



(31) 



which can equivalently be obtained by solving the Knizhnik-Zamolodchikov 
equation |Koh] by the method of iterated integrals. Thus one obtains the 
generalized holonomy map |ChII] : 



e : ncNC A{i^) 

7^(r,7) = E/^" (32) 
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which is a sum of chord diagrams with support I with coefficients of the 
form (l/(27ri)'") J d'^log Az[P]{'y) for a degree m chord diagram. For some 
loop 7, ^„>o is also referred to as the holonomy of the connection oj 
along the loop 7. It was argued |Koh] that Kontsevich generalized this in 
his seminal paper to the Kontsevich integral of a knot, replacing trivial chord 
diagrams on by chord diagrams on S^, starting from the actual knot 7. 

5 The Kontsevich integral as a holonomy 

In this section, we give a direct construction of the Kontsevich integral of 
a knot as being generated by the holonomy of some bundle of chord dia- 
grams and not as a generalization of the formal holonomy of the Knizhnik- 
Zamolodchikov connection on A{I^). Braids are more naturally defined in 
X]\r := (C^ — A)/Sn- = C]\fC/S]\f and not C^C and it is on this space that 
we will consider the algebra bundle {A{Xn), +, ■) of chord diagrams based 

at points of Xn, for which the product is simply denoted by ■ as it is a 
commutative product in this case. Defining the bundle to be A{Xn) instead 
of A{I^) will allow us to have integrands that are not simply chord diagrams 
with support on but chord diagrams with support the link itself, the way 
Kontsevich initially wrote down his formula for his integral. In this formal- 
ism, for a link L that once put in braid position corresponds to a geometric 
braid 7 G C x / with strands, obtained by lifting some loop 7 G Xn, 
then Z{L) is generated by the holonomy for the Knizhnik-Zamolodchikov 
connection around the loop 7 in the base. It is important to make a mental 
distinction between the algebra A{Xi\i) that has chords based at different 
points, and the bundle A^X^) — )■ Xjy whose fibers are chord diagrams based 
at a same point. We will strive to always make this distinction evident by 
saying whether we work with the bundle or the algebra itself. 

To achieve this, we first define the bundle A{C]\fC) over C^C on which 
we put the usual Knizhnik-Zamolodchikov connection, define an action of the 
symmetric group on sections of this bundle leading to the definition of the 
algebra bundle C^C Xs^c A{CnC)/Sn over Xn with total space A{Xpf). 
The KZ connection on A^CnC) descends to a well-defined connection on 
this bundle. Solving the KZ equation exactly, we obtain the holonomy for 
that connection around a loop 7 in the base X^. Upon expansion of this 
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holonomy we generate Z{L). 



5.1 A{CnC) as a bundle over CatC 

We put the product topology on C-^, and the subspace topology on C^C = 
— A. We consider over this space the algebra bundle {A{Cn'C), +, ■) 
where ^(CatC) is the C-linear span of chord diagrams with support a same 
point of CatC, viewed as a graded algebra over C with graded completion 
A{CnC). We now put a topology on A{CnC). By definition, we have this 
bundle to be trivial, and its fiber is isomorphic as an algebra to the algebra 
of formal power series in N{N — l)/2 variables: 

A{CnC) ~ CnC X C[[{\zj) \l<z<j< N}]] (33) 

We put on this total space the topology defined as the product of the 
topology on CatC with a topology on the algebra C[[{|ij) | 1 < i < j < N}]] 
as we do now. We first start by considering the ring of formal power series 
C[[x]] whose elements are of the form X]„>o ctn^:^"' and are determined by 
giving a sequence (a„) G C^. We define the following metric on this ring; 

if f{x) = X]n>o'^"^" ^^'^ fi'(^) ~ X]n>o^"''^"' then we consider the metric d 
induced by the distance function on sequences (a„) and defined by: 

d((a„),(6„))=2-'= (34) 

where k is the smallest integer for which a„ ^ bn- Then / and g being 
defined by the respective sequences (a^) and {bn), we define d{f,g) — 2"^. 
To show that this defines a metric on the formal power series ring is not 
difficult, the only tricky point being to show the triangle inequality. If 
h{x) = Yln>o'^"-X"' is a third power series such that (i((a„), (c„)) = 2^* and 
d{{bn), (cn)) = for some integers i and j, then we would like to have 
d{{an), (bn)) < d{{an), (cn)) + d{{bn), (c„)), that is 2-*= < 2-' + 2-K The only 
combinations of indices A; that does not lead to this inequality are the 
two cases k < i < j and k < j < i, none of which occur. Indeed if either case 
is true, then in particular we could have = and b^ = c^, a contradic- 
tion with the definition of k. With this metric we define a metric topology 
on the ring of formal power series, thereby making it into a topological space. 
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We now deal with the ring of formal power series in two commuting 
unknowns x and y denoted by C[[x,y]] whose elements are of the form 
Y.m>oY.mi+m2=m^rnum2x"'^y"'^- We put ou this ring the metric topology 
with the use of the metric induced by the distance function: 

C^((«mi,m2),(&mi,mJ) =2-^= (35) 

where: 

k = inf {mi + m2 | a^i,„j2 ^ femi.ma} (36) 

As in the case of one variable only, it is clear that this induces a metric on 
the ring of formal series, and the only difficulty in showing that this does 
define a metric is the triangle inequality. If we consider a third series de- 
termined by a sequence (cmi.ma) and we have d{{a.m^.m^), {c„i-^.m^)) = 2~\ 
d{{bmi,m2)j {cmi.m^)) = 2~-^, then the only combinations of indices that raise 
problems are the two cases k < i < j and k < j < i. For either case, if mi and 
m2 are two integers whose sum is equal to k, then we could have equalities 
Omi,m2 — Cmi,m2 ^^'^ ^mi,m2 — Cmi,m2j ^ coutradiction with the definition of k. 

It is clear that C[[{|ij) \ I < i < j < N}]], whose elements are of the 
form: 

E E Hm..) (37) 

can be topologized with the metric induced by the distance function: 

d{{a^m,,)),{bim.,))) = 2-' (38) 

where: 

k = inf{ J2 ^ij I Hmij) 7^ hmij)} (39) 
l<i<j<N 



5.2 Connection on A{CnC) 

Before putting a connection on ^(CjvC) — > CjvC, we briefly review how a 
connection is defined on a vector bundle. Prom first principles, let i? : X x C" 
be an n-dimensional vector bundle over some topological space X, T{E) ~ 
C°°{X, C") its space of sections, a e r(-E), then da can be computed using 
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multivariate calculus. For / a function on X, we have d{f.a) = df ®a + f .da. 
If E is not trivial however, we have to generalize this notion of differentiation 
to a C-linear differential operator V : r(i?) — )■ T{T*X ® E) satisfying the 
Leibniz rule V(/a") = df ® a + f^cr- If -E X is a smooth complex vector 
bundle with local trivializations E\u ^ U x C" given by a local frame field 
Ci, e„ on U, then any a G r{E\u) can be written locally: 

cr{x) = ^ ak{x)ek{x) ~ (ai(x), a„(x)) = a{x) (40) 

l<fc<n 

for X E U. li there is a connection V on E, then we write: 

Vcj = ^ Ukj ® Cfc (41) 

l<fc<n 

and we let u := (ci;fcj)i<A;j<n- For a G r(i?|[/) as above, cr ~ a, then we have: 
V(T = V(^a,e,) (42) 

j 

= E (rfa, ) ® + E a, Ve,- (44) 

s / Ei<fc<„'^fej®efc 

da 

= da + E ajUkjCk (45) 
= (ia + E(wa)fcefc (46) 

= {d + oj)a (47) 

Chen |ChIj generalized this to the case of T*X over some base space X, 
where T*X is the cotangent bundle of X, A is some graded, non- commutative 
algebra. For our purposes, A = A{CnC), and we put on A{Cj\fC) the 
Knizhnik-Zamolodchikov connection V = d — u where: 

u = — y -^^dz, (48) 
2iTi ^ Zi- z.. ^ ' 
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the well-known KZ connection form. This gives a well-defined connection on 
^(CatC); it is immediate that both linearity and the Leibniz rule hold for 
this choice of connection. 



5.3 Construction of the bundle A{Xn) over 

We first define an action of the permutation group Sn on sections of A{Ci\fC). 
Let Z e CjvC and V £ r(«4(CjvC)). For some element a e S^, we 
would like {aip){(7Z) = ip{Z) for consistency, where aZ = a{zi, Z]\r) = 
{z„(i), z^(^N)). Write ^(Z) = Xlp which is short for Ap|P)), 

where the sum is over all chord diagrams \P) with support on Z, and 
Ap e C for all P. Then we must have aip{aZ) = Xp\aP){aZ), where if 
P — (Pi, ...,P^), then we define aP :— (crPi, ...,(tP^), with a\kl) — \akal), 
l<k,l<N. Thus we define: 

crV' = ^Ap|(tP) (49) 
p 

Consider the set of equivalence classes CjvC XSffC A{Cj^C)/Sn, whose ele- 
ments are classes [{Z,i(j(Z))] = {{crZ,aip{crZ)) \ a G ^jv, Z G C^C, ip{Z) G 
A{Z)}. This defines an algebra bundle by projecting on the second factor: 

(50) 

Xn 



We now give a description of this bundle. Fix some Z G Xpf. If q is 
the quotient map from CnC to Xjv, then for some Z G q~^{Z), a choice of 
some element '^Xp\P){Z) G A{Z) together with the point Z defines a rep- 
resentative {Z,^ Xp\P){Z)) of some class in C^C x Sj^c A{CnC)/ Sn- Now 
\P){Z) G A{CnC) only. However projecting Z to Z those two coordinates of 
Z that are marked by a chord by |P) are also marked in the complex plane 
after projection, and thus defines a chord diagram that we still denote by 
\P){Z) for convenience. Note however that if \P){Z) can be defined using 
indices, \P){Z) is index-free. Further the definition of \P){Z) is independent 
of the representative chosen. 



21 



Example 5.1. Fix N=3, (ej)i<j<3 the canonical basis for C'^, Z = (zi, Z2, z^) e 
C3C, \12){Z) projects to the chord diagram \Q) a,t Z — qZ e X^: 

63 




with Z — {^1, 2:2, ^3} e X3, and the chord \Q) along with the point in are 
represented by: 



y-''\Q){Z) 



Conversely, given Z as above along with the chord \Q), pick a labeling of 
the 3 defining points of Z: 
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Then for Z = (zi, z^, -^3) G q'^Z, we have \Q){Z) = |23)(Z). 



Note that Y1,q^q\Q) ^ C[[{|P)}]], the power series algebra on N{N - 
l)/2 generators which are the N(N — l)/2 possible chords of order 1 on 
a given point of Xjy. Thus the fiber of A{X]sf) over Xj^f is isomorphic to 
C[[{|P) I \P\ = 1}]] and inherits its automorphism group as structure group: 
Aut{A{XN)) = Aut{C[[{\P)}]]). 



5.4 KZ connection on A{X]\i) 

Recall that we had the KZ connection V = 0? — a; on A{CnC) over C^C, 
with: 

u;=— y -^^dzi (51) 

l<i¥j<N * ^ 

We show it is invariant under the action of the symmetric group S^, and 
therefore descends to a connection on A{Xn): 

Lemma 5.1. The KZ connection on A{CnC) over C^C descends to a well 
defined connection V — d — ou on A{Xr^) over Xj^, with: 

^ = ^E l^)-dMA^[P]) (52) 

|p|=i 

Proof. It suffices to observe that we can write: 



= j2JML,,,.j2-^.''^. (54) 

i<j '■J j<j ' J 

= ^^^(d^i-dz,-) (56) 



J] |ij).dlog(^,-2,) (57) 

\<i<3<N 
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where in going from fl54p to fl55l) we used the fact that for all indices 
^ 7^ J) "we have l^j) = From this we can write the KZ connection 

V = d-uj on A{CnC) over CnC as uj = (l/27ri) E|p|=i |P).dlog(Az[P]), 
which is invariant under the action of Sjsf. It follows that the KZ connection 
on A{CnC) descends to a well-defined connection V = ci — a; on A{Xn) over 
Xn, with CO = {l/2m) J2\p\=i l^)-dlog Az[P]. □ 



If uj as defined in the previous section unambiguously makes sense by virtue 
of the presence of chords in its definition, the tangent and cotangent bundles 
of are not well-defined however. Points in X^v can be written J2i<i<N[^i\ 
where the indexing [zi] on the N defining points of Z is nothing but a choice 
of labeling. If nearby points can be chosen to have the same labeling, this 
is not necessarily true of points far away from Z. To remedy this we endow 
connected open sets U = {Ui, ■ ■ ■ , U^} - all f/j's being connected - with a 
property that we refer to as the "small enough" property. This means that 
points in small enough connected open sets have their N defining points with 
a same choice of labeling, and points in disjoint connected open sets may not 
necessarily have defining points with a same choice of labeling. Both the 
tangent and the cotangent bundles of X^v have local trivializations defined 
over small enough, connected open sets, for in this case each defining open 
set for such small enough connected open set is connected, and complex 
variables carry a same choice of labeling, whence the possibility of defining 
local complex variables in those. From there, tangent vectors can be locally 
defined, as well as their duals. It is in this sense that TX^v and T*Xi^ can 
be defined. 



Let Z G Xjv, 7 a loop in Xjv based at Z. The parallel transport of ^ along 7 
is denoted by It is a horizontal section for the connection, so that V\& = 



5.5 subtleties of TXn and T*Xn 



5.6 The KZ equation 

Let ^ be a section of A{Xn): 




(58) 



p 
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from which it follows that: 

= (59) 

|p|=i 

and using the fact that the fiber of A{X]sr) is isomorphic to C[[{|P)}]], a 
commutative algebra, this equation has the following solution: 

^ ^ g(l/27ri)Ep |P).logA2[P]+e ^Q^-^ 

= lie^^/^""'^ 1^^- (63) 

where © e ^ is a constant term determined by the initial condition ^{Z) — 
^(Z) and we have put /i = exp(©). Solving for the initial condition: 

*(Z) = ,_ie^^/^-i)Ep\PUogAz[pm ^ ^^^^ (g4) 
using the notation: 

E \P)-^ogAz[P] (65) 



|p|=i 



then we must have: 



= e-^(^) • (66) 



5.7 Holonomy of the KZ equation 

With the same notations and definitions as in the previous subsection, we 
have: 

*(7(1)) = /i.e^(^^^)) (67) 

= //.e^^'^W+^W°» (68) 

= e-^^'"(^) -A^-e^^^^")) (69) 

^e^/'"W.^(7(0)) (70) 

and the holonomy of the KZ connection along a loop 7 in the base is expressed 
as exp(/ja;(7)). 
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Proposition 5.1. For a link L that once put in braid position is given by 
a geometric braid 7 G C x / corresponding to the lift of some loop 7 G X^, 
the holonomy h of the KZ connection on A{X]\f) over XN along 7 generates 
Z{L), the Kontsevich integral for the link L. 

Proof. It suffices to write: 

m>0 ■ "^^ 

with: 



m! /r„ 

m>0 



a;'"(ti,...,t^) = — 1— n l^.)(7t.)dlogAz[P,](7t.) (73) 

^ ^ Pi,...,P,nl<i<m 

It is worthwile to point out that though each |Pj)(7tj) is an element of the 
fiber of A{X^) over the point 7(ti), 1 < i < m, the product of such elements 
as in (173!) is no longer an element of a fiber of A{Xn) but is truly an element 
of the algebra A{Xn) proper. We can write the holonomy h as: 

"-E^^p^ 5: /„ n |i'.)(0'«.)dlog A.|P.](o^t.) (74) 

m>0 ^ Pi,...,P„i ^ l<j<m 

= E;^7^ EE/ n l^.w)(7tOdlogA^[P.«](7t. 

(75) 

= E;^7^E / .EH l^.w)(7t.)dlogA.[P.(,](7t. 

(76) 

= E;^7iE / .En |P.)(7t.)dlogA.[P.](7t.) 

(77) 

= E;^7^-'/ ^ E n l^^)(7^^)dlogA.[P.](7t.) 

m>0 Pi,...,Pm. l<i<m 

(78) 



26 



where in (175]) we have used the notation = {0 < ti < ■ ■ ■ < < 1}. 
Observe that we have obtained the formal sum of elements of A{X]\f), based 
at points along 7 G QX^- In other terms we have all possible chords based at 
points of 7. This is sufficient to lift h to h, which is the same as h except that 
its tangle chord diagrams are of the form \P){'yti). In doing so, crossings in 
X^r may lift to positive or negative crossings, which are immaterial once we 
close the braid 7 into L. Further, from the collection of chord supports, we 
recover 7, as the chords trace out sheets whose boundaries are the strands 
of 7. 

If we write P = (Pi, P^) and T = (ti, ■ ■ ■ , tm), then we can write: 

n miU) = \P)mT) e A{^) (79) 



l<i<in 



Then: 



^ = E E 7^ / l^)(7)md"log Az[P](7)(T) (80) 

m>0 \P\=m ^ ' ^rn^T 

= E E 7^ / \P){TW^og A.[P](T) (81) 

where in the second step we have omitted the mention of 7 in the integrand for 
notation's sake and have instead put it under the integral sign to emphasize 
that we integrate along 7. Construct the closure 7 of the geometric braid 7 
as follows: if the strands of 7 originate and end at {(n, 0, 0) | < n < — 1} 
and {(n, 0,1) | < ri < — 1} respectively in R'^, then glue to these 
endpoints the parallel strands {{n} x / x {0} | < n < — 1} at time t = 
and {{n} x/x{l} |0<n<A^ — l}at time t = 1. Finally we glue in the 
back A^ parallel strands {{n} x {1} x/|0<n<A^ — 1} and smooth corners 
to get a Morse knot. In this manner, we recover the Kontsevich integral as 
initially defined by Kontsevich [K], since after smoothing corners 7 yields L. 

We denote the resulting object by h. 



^ = E E 7^ i \P)iTW^og A.[P](T) (82) 
EE 7^/ ^pd-logA.[P](T) (83) 



m>0 \P\=m 
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the form of the Kontsevich integral of hnks that is expressed as a sum of tan- 
gle chord diagrams and is mostly used to take advantage of the multiplicative 
property of Z. □ 



In this integral, there are additional chords between strands in the back 
of the closure, whose strands are all parallel and therefore evaluate to zero. 
There are also chords between strands of the braid and strands from the back 
of the closure. Such chords are called long chords and the integrals corre- 
sponding to such chords evaluate to zero |ChDu] . However, chords from the 
top and bottom portions of the closure have a non-zero contribution. They 
can easily be calculated and their contribution be grafted onto h to yield 
h. It is not true however to say that we can divide out these contributions 
from Z{L) to obtain h. This is why we say that the Kontsevich integral is 
generated by a holonomy rather than saying that the Kontsevich integral is 
a holonomy in the classical sense. 

We would like now to relate h to Z{L) as an element of A{Y[ S^). Differ- 
ent tangle chord diagrams of the same degree supported on the same link L 
will be defined to be equivalent if one can go from one pairing to the other by 
circling L. This is a well-defined equivalence relation. If P is a representative 
of such a class, we denote the class by [P]. 

Now for m fixed, P = (Pi, ...,Pm) fixed, from Lp we can determine the 
chord diagram on ]J it corresponds to under the embedding ll defining 
the link L: iJ^Lp = D[pj, thereby defining a moduli map: 



r : AiCmks) A{US^) 



(84) 



that we extend by linearity. Then: 




L,Am3T 



L,AmBT 



Z}[P]d'"log Az[P]{T) 



rLpcTlog Az[P]{T) 



Lp(r log Az[P]{T) 



(86) 



(87) 



(85) 



= Z{L) 



(88) 
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which can be written: 

z(L) = ^ ■ ( E ^/"'"g ^^inm] (89) 

m>0 [P] \ piiz[p]^ ^'^m^^ I 

\P\=m 

6 Construction of V from first principles 

In Section 15.31 we showed A{Xn) — )■ Xj\f was isomorphic to CatC x^^c 
A{CnC) / Sn — X]\f. In this section, we will construct the bundle A{Xn) 
over X]\f from first principles as well as the KZ connection V = d — u on 
it. Doing so, it will be manifest why the KZ connection is the natural one 
on a certain principal bundle from which we will construct v4(Xjv) — >■ Xjsf 
using the associated bundle construction. We mainly follow |KoNomj , |Nak] 
applied to our situation. 



6.1 The principal bundle P{Xn,G) 

The structure group G for the principal bundle that we will introduce is 
the group (cxpA^^^Xn), ■) where elements of A^^\X]y) are complex linear 
combinations of chord diagrams based at some fixed point of Xn of the 
form X]|p|=i '^p\P) some complex coefficients Ap, and ■ denotes the usual 
associative product of exponentials: 

gEpAp|P> . gEQMQlQ) = eEp{Ap+/^p)|P> ^90) 

We have: 

(eEpAp|P>)-i^g-EpAp|P) (91) 

and the unit for the product is exp(^pO • \P)) = exp(O) = 1. G is a 
commutative group with this multiplication. We mainly follow [NSt] in the 
construction of our principal bundle. We first make G into a Lie group. It 
suffices to make G into a differentiable manifold on which the product and 
inverse maps are differentiable. For the differentiable manifold structure, 
consider the following map: 

Q ^ (j-.7V(7V-l)/2 

gEpApIP) ^^^|p^ (92) 
p 
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where {\P) \ \P\ = 1} forms a basis of C^(JV-i)/2 

We now put a topology on G. Let m = N{N — l)/2. On C™ we put 
the product topology, which we denote by Tm- We can write any open set 
U E Tm as the union of open sets of the form Ui x ■ ■ ■ x Um- For m complex 
numbers Aj e c C, 1 < i < m, we define the following open subset of 

G: 

eUiX ■■■ xUm-.^ {e^i^*\^*^ \ Xi e Ui, l<i<m} (93) 

Write A = '^pXp\P)- For simplicity we write eU = {e^ \ A G U}, 
U = Ui X ■ ■ ■ X Um and we have A G f/ if and only if Aj G Ui for 1 < i < m. 
We denote by tq the collection of all such subsets of G. 



Lemma 6.1. defines a topology on G. 

Proof. We first show any union of elements of tq is still in tq' let / be any 
indexing set. Then we can write: 

\J eUi= [j eUi (94) 

iel i&I 

= {e^ I A G UiaUi = neTm} (95) 
= eQeTG (96) 

We also show that tq is closed under finite intersections. For p finite: 

fl et/,= fl eUi (97) 

'I'm 

l<i<p l<i<P 

= {e^^ I A G ni<i<pUi = nerm} (98) 
^eflera (99) 



Now, since: 
then: 



= Uuerrr^U (100) 



IJ eC/ = IJ eC/ = {e^ I A G C"*} = G (101) 

thus G G tg as the union of elements of tq- It is immediate that we also 
have e0 = {e^ I A G 0} = G tg- □ 
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The map e is clearly invertible, and being a differentiable manifold, 
this gives G the structure of a differentiable manifold. Further the inverse 
map in the group G is clearly differentiable. Finally if we give G x G the 
product topology, then the product map in G is also a differentiable map. 
This shows that G is a Lie group with the above structure. 



6.2 The tangent space TG of G 

We consider the principal bundle P = P{Xn, G) with base space X^r, with 
fiber the Lie group G, and with G acting on itself on the left. A connection 
on P is valued in the Lie algebra q of the Lie group G, which is defined to 
be the set of left-invariant vector fields on P. So we naturally have to first 
define what the tangent space of G is. If c : / — >■ G is a path in G, / : G — )■ M 
a function on G, then X G Tc[q)G can be defined by: 



Xf\ 



c(0) 



df{c{t)) 



dt 



t=o 



(102) 



If we denote by dp G TC™ the partial derivative in the P-th direction in C™, 
and by (e~^)^ the P-th component of the map e~^, then we can rewrite the 
right hand side of fll02p as: 



d 



■d 



t=o 



P\{e-^)P{cit)) 



foeoe-\c{t)) 



t=o 



which leads us to write X as: 



X 



(103) 



(104) 



with X^ :=|[(e-i)^(c(t))]|,=o 

Lemma 6.1. If c is the following curve in G: 

c : / ^ G 

then the tangent vector to c at time t = is the vector X expressed as: 

X = ^A^(0)9p (105) 
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Proof. It suffices to write (e ^)^{c{t)) — Xp{t), from which we immediately 
have: 



d 
di 



[{e-Y{cm 



it follows that: 



d 



- A 
t=o dt 



t=0 



(106) 

(107) 
□ 



6.3 The Lie algebra g of G 

The Lie algebra of G is the set of its left-invariant vector fields, so we deter- 
mine which of those elements of TG are left-invariant. For a,g E G, we have 
the left translation map La : G ^ G defined by La{g) = ag, with induced 
map La* : TgG TagG. Since g E G, we can write g = exp(^p Ap(0)|P)) 
with c{t) — ex.p(^p Xp{t)\P)) a curve in G through g at time t — 0. Let X 
be the tangent vector to G at along this curve, X e TgG, with: 



X = J2^''dp\ 



(108) 



and: 



t=Q 



A'p(O) 



(109) 



from the previous lemma. Now let Y be the element of TagG defined by 
Y = La,X. We have: 

Y = Y,Y^dp\ag (110) 

p 



with: 



y^ = ;^X%|,[(e-^)^oL„(c(t))] 
Q 



t=o 



(111) 
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Let a — exp(^p//p|P)). Then we have: 



t=o 



= Zm8^^^<M^ + Mt))l^ (113) 

= 5]A'q(0)5pq (114) 

= A^(0) (115) 
Prom which it follows that: 

Y = Y,^'p{0)dp\ag (116) 
P 

Finally, it suffices to observe that: 

X|„, = ^X^(a^)9p|„, (117) 
p 

with: 

XP(ag) = l[(e-i)^(eSQ(^Q+^QW)l9))] (118) 
at t=o 

= A^(0) (119) 

It follows: 

Y = X\ag (120) 

that is La*{X\g) = X\ag, and this for any curve through g, and this for all g 
in G, thus the set of left-invariant vector fields of G is all of TG, whose basis 
is given by {dp \ \P\ = 1}, a basis of vector fields for TC™ whose fiber is 
isomorphic to C™ with basis the vectors {\P) \ \P\ = 1}, and by isomorphism 
this gives the basis for left-invariant vector fields. Therefore we regard the 
Lie algebra g of G as being generated by those elements. Thus any element 
of Q can be written as ^p\P) foi" some complex numbers Ap. 
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6.4 The cotangent space T*G of G 



In the same manner that we used the compact notation dp to denote the par- 
tial derivative in the P direction, we introduce a similar notation for forms. 
If the P-th coordinate in C"^ is denoted by ■j/'p, then we have dp = d/d{iljp) 
and a basis for T*G is given by {dipp \ \P\ = 1}. For a function f : G ^ M. 
we write df = dpf ■ dipp. 



6.5 The vertical space VP of P 

We are interested in putting a connection on the principal bundle P. For 
this purpose we first define the vertical tangent space VP of P. Let u be 
an element of P = P{Xn,G). If tt is the projection from P to the base 
space Xn which in any local trivialization is just projection on the first 
component, Z = 7i{u) G Xtv, then Gz = G is the fiber of P over Z. Let 
A = Xp{Z)\P) G Q. Then u.e*^ defines a curve through u in Gz, and if in 
a local trivialization we write u — {Z, Qu), Qu £ G, then u ■ — {Z, g^.^tA) — 
{Z,gu • e*^). We define a tangent vector A* G VuP as follows. For a given 
function f : P^R: 



(121) 

t=o 



Thus defined. A* is tangent to Gz at u and is therefore in the vertical 
subspace V^P of r„P. Write Qu = exp{^p fXp{Z)\P){Z)). Writing A* = 
^pA*^dp, it follows: 

^*^(P) = -[{e-y (Z, e^Q^'^o^^^+^^^^^^^IQH^))] (122) 



= ^(/ip(Z)+ap(Z))[^^ (123) 
= Ap(Z) (124) 

thereby defining the following vector space isomorphism: 

Q^VP 

^ = ^Ap|P) = ^Ap^p (125) 
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6.6 The connection Co on P 

In the same manner that we had left multiphcation on G we also have a right 
multiplication map denoted by R. If a,g E G then Ra{g) = ga, and the map 
Ra induces a map i?* : T*^P — )■ T*P. Further, we have the adjoint action 
of G on itself defined by adgh := ghg~^ with a corresponding induced map 
adg^ = Adg : T^G — )■ Tg^g-iG, and for h = 1 the identity of G we have a 
resulting adjoint map Adg : — defined hj A Adg{A) = gAg~^. 
We now define the connection one form Co on P. A connection one form 
d) G g T*P is a projection of TP onto VP ~ g, satisfying: 

(1) w(A^) = A (126) 

(2) i?*£l; = Adg-iCj (127) 



For our connection, we choose: 



J2 \P)d^P (128) 



Lemma 6.1. w is a well-defined connection on P{Xn,G) over X 



N- 



Proof. For A = YIp-^pI^) ^ 05 have the corresponding element of VP 
A* = Yp Xpdp. Now: 

P Q 
P Q 

= J2\P)>^QdMdQ) (131) 

P,Q 

= J]|P)Aq5p,q (132) 

= ^Ap|P) (133) 
p 

= A (134) 

so that Cj{A*) = a. In a local trivialization P ^ f/ x G, vr is just the 
projection on the first factor. If ttq is the projection on the second factor, 
then we locally have [Sp]: TP ^ T{U x G) ^ 7r*Tf/ © vr^TG. Then 
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X G T„P, u = {Z, Qu) in a local trivialization, can be written as a sum 
X = X,+ X2, Xi G n*TzXN, X^ G T.^G, Cu^iX,) = 0, = EpX^'dp. 
Then ^^(X) = cj„(X2) = Xlp^^l-^)- 9 ^ G, hj commutativity in 
M^^Xn) it follows that Adg-iuJu{X) = g-^u^{X)g = Uu{X) = Y.pX^\P). 
On the other hand R*gUug{X) = Cjug{Rg*X), with Rg^X = Rg*Xi + Rg*X2 — 
Rg*Xi + Y^pY^dp\ug, with: 

y^ = 5]X%U((e-i)^(i?,«)) (135) 
Q 

If we let g = exp(^p /xp|P)) and u = (Z, exp(^p Ap|P))), then we have: 

= ^ X'^dQluiie-y {Z, ei:K(^«+'^«)l«))] (136) 

Q 

= ^X%U(Ap + //p) (137) 

Q 

= X^'lu (139) 
Prom which it follows that Rg*X — Rg*Xi + J2pX^\u ■ dp\ug- And: 



R*g^ug{X) — 


^ug{Rg*X) 




(140) 




<^ug{Rg*Xi + 


X^\u ■ dp\ug) 

P 


(141) 




l^ug(^2 "^^k 
P 


I ■ Qp\u^ 


(142) 




p 


ug)(^,X^\udQ\u^ 
Q 


(143) 




P,Q 




(144) 




p 




(145) 




(^^uiX) 




(146) 




Adg-iU!u{X) 




(147) 


which completes the proof. 






□ 
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6.7 Local form uj of the connection one form a) 

We wish to write a local expression for a) by pulling it back to Xjv. Let U be 
an open set in X^^ 'k : P ^ Xm, Tr~^U open in P, on which we define TP 
and T*P. A section of P at Z e U is of the form (Z,exp(^p Vp(Z)|P)(Z))). 
Consider a local section a of P on U for which ipp{Z) = 2^ log Az[P]{Z). 
Then we define: 

u := (7*0) (148) 

= <7*(J]|P)#p) (149) 

p 

= J2 \P)(^*d^P (150) 

p 

- 5^ |P)(iV^p(a.) (151) 
p 

For the purpose of computing u we work with small enough basic open sets in 
Xjv- Recall that the topology tn on X^ is generated by small enough basic 
open sets V — {Vi, ...,Vn}, Vi,...,Vn N disjoint open sets in the complex 
plane. We can write C/ as a union of such open sets. Let V be one such small 
enough basic open such that Z eV. Then we can locally label the defining 
points of Z as Zi, ...,zn, and we locally have a basis d/dzki 1 < k < N of 
TXn. Fix A;, 1 < /c < A^. Then: 

l-'Zk p 



with: 



so that: 
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It follows: 



(a 



= rf^,(5^_L^to, Azmz)a,) (155) 

Q 

= E ^^^^^ A;^[Q](Z)#p(aQ) (156) 
= E^^'»f*40](Z)ip,« (157) 

1 a 



27ri 



logA^[P](Z) (158) 



from which we get: 



a*dil:p = J2 log HP]{Z)dzk (159) 



- — dlog(A^[P]) (160) 
2m 

Finally: 

^ = ^^'^ = ^ E l^)dlog(A^[P]) (161) 

p 

which is commonly referred to as the Knizhnik-Zamolodchikov connection 
one form. Notice that this derivation is independent of the choice of labels 
for the defining points of Z in a basic open set. 



6.8 Local connection uioc on P 

We now seek to construct a local form of a connection on P derived from the 
local form oj on X^, which is itself derived from the connection one form u on 
P, for the purpose of obtaining the Knizhnik-Zamolodchikov equation and 
show that upon integration we get a holonomy for that particular connection 
which generates the Kontsevich integral. 

For the section a introduced above, Z G Xn fixed, any element u of P 
in the fiber Gz above Z can be written u = (T{Z)g for some g & G. Using g 
thus defined, consider the following element of T*P: 

<^ioc -g~^T^*i^9 + 9~^dpg (162) 
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where dp is the exterior derivative on P. 
Lemma 6.1. we have: 

Proof. For X G TzXn, we have: 

a*Cjioc{X) — u}ioc{cr*X) 

and (T*X e Tcr(z)P where g — 1, so that: 

a*uioc{X) = -7r*a;(a*X) + dpg{(j^X) 
— —u{'K^a^X) + dpg{a^X) 



(163) 
(164) 



(165) 
(166) 



Now we use the fact that Ti^a^ — idxzXN dpg{c*X) — since g — 1 along 
a^X. It follows that we have: 



a*ujiociX) = -uj{X) + = -uj{X) 



(167) 



and this for any element X of TzX^ and for all Z e Xjv, whence the result. 

□ 

We now show ujioc verifies the axioms of a connection on P: 
Lemma 6.2. Qioc is a well-defined connection on P. 

Proof. First for some A in of the form A — ^pXp\P), u E P, and a 
corresponding A* — Xpdp e K-P, then we show uJioc{A*) — A. 



Cjioc{A*) = -g 'uj{TT,A'')g + g 'dpg{A 
= -g~^uj{0)g + g~^-^{gu.e*^] 



t=o 



= .-|(...e-) 

= y„-V|(e*-) 
^A 



t=o 



t=o 



(168) 
(169) 

(170) 

(171) 
(172) 



Further we have to show that we have RyjJioc = Adh-iojioc- let X e T^P, 
h e G. Then we have: 

Rluioc{X) = Lbioc{Rh*X) = -g~^u;{n^Rh*X)guh + g~^dpguh{Rh*X) (173) 
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We now use guh = 9u ■ h, n^Rh^X = n^.X since irRh = it, and the following: 



Rh*Xguh — Rh*Xg\ 

uh 

d 

- -j;9n.c{t) ■ ' 



(174) 



Xgu ■ h = dpgu{X) ■ h 



(175) 
(176) 



to rewrite (11731) as: 



Rh^loc{X) 



-h~ g~ uj{n^X)guh + h~ g~ dpgu{X)h 

h'~^ujioc{X)h 

Adh-iUiociX) 



(177) 
(178) 
(179) 



and this for any X G T„P and for any u G P. This completes the proof □ 

6.9 Horizontal lift 7 in P of a curve 7 in Xn 

We construct a horizontal lift of some curve 7 in X^- We do this locally. For 
this purpose we work in an open set U that contains the curve 7. Suppose we 
have two open sets Ui and Uj in Xn whose overlap contains U, and (Xj and aj 
are two sections of P over Ui and Uj respectively. If 7 is a horizontal lift of 7, 
then for alH G / we can write j{t) = aj{'-ft)gj{'~ft) and we write gji'yt) = gj{t) 
for short. We can pick a lift for which gj{0) = 1 so that 7(0) = o"j(70). If 
X G TjqXn, let X be the horizontal lift of X along 7. We have X = 'y^,X. 
We would like an expression for X that will enable us to extract the KZ 
equation. For this purpose we need the following lemma where we use the 
fact that 7(t) = aj{t)gj{t) = o'i{t)gi{t) where we have omitted the mention 
of 7 for the simplicity of notation. 



Lemma 6.1 ([Nik]). X = a^^X ■ g,{t) + {g-^dg,{X)Y 
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Proof. It suffices to write: 
at t=o 



dt 
d 

~dt 

d 

~dt 



t=o 



d 



.g,{0) + ai{0)--gi{t) 

t=o at 



t=Q 



Wi{t) ■ gi 



+ a,{0)g,{0)gr\Q)-g,{t) 



dr 



d 



= • ^,(0) + ^[a,(OKri(0)^,(i)] 



i=0 



(180) 
(181) 

(182) 

(183) 

(184) 

(185) 



wliere we used tlie fact tliat gj{0) = 1. Working on tlie second term alone, 
^ curve in Go-j(o), thus the whole second term is in Vo-j(o)-P 

and we can write: 



d 
dt 



[<y3{^)9;'m{t)][^^ = (|[^.(o)^r'(o)y.(t)] 

'^j' (0)9-^(0) 



t=0 



= {d9i{X)r 
= {g;'-dg,{X)y 
which completes the proof after time reparametrization ^ t. 



(186) 
(187) 
(188) 
(189) 
□ 



As a corollary, since this result is independent of the choice of local sec- 
tion, we have: 

Corollary 6.2. X = a^X ■ g{t) + {g~\t) ■ dg{X)y 
6.10 The KZ equation 

From the previous lemma we have a local expression for a horizontal vector 
X. Moreover, X e HP ^ coioc{X) = 0. 

Lemma 6.1. The KZ equation: 



dg^u-g 



(190) 
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follows from the fact that coioc{X) — 0. 
Proof. We have from the previous lemma: 

X^a.X- g{t) + {g-\t)dg{X)y (191) 
and upon applying Cuioc on both sides, we get: 

= uiocia.X ■ g{t)) + u;ioc{{g-'{t)dg{X)y) (192) 

= uJioc{Rg(t)*(T*X) + g-\t)dg{X) (193) 

= Rl^^^ujioM.X) + g-\t)dg{X) (194) 

= Adg-i(t)CJioc{(J,X) + g-\t)dg{X) (195) 

= g-\t)Coioc{a.X)g{t) + g-\t)dg{X) (196) 
from which we get: 

- g-\t)a*uJioc{X)g{t) = g-\t)dg{X) (197) 
and using the fact that (T*a);oc = —^i we get: 

- g-\t){-uj{X))g{t) = g-\t)dg{X) (198) 
and by multiplying on each side by g{t) we get: 

dg{X) = uj{X)g (199) 
and this being true for all X e TX^, it follows that we have the KZ equation: 

dg = ug (200) 

□ 
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6.11 Connection on A{Xn) induced from V on P 

We define an action of G on P x C[[{|(5) | \Q\ = 1}]] as follows: for u e P, 
C e C[[{|Q) I \Q\ = 1}]] and geG, then: 

9-iu,0 = {u9,g-'0 (201) 

We regard the bundle A{Xn) as E -.^ P x C[[{\Q) \ \Q\ = 1}]]/G over 
Xjv with structure group G. The projection tte '■ E ^ X^r is defined by 
the projection vr on the first factor, and local trivializations are given by 
^ : U X C[[{\Q) I \Q\ = 1}]] ^ Tr^\U) for U open in Xn. For U open 
in Xisr, a a section of P over C/, 7 a curve in [/, 7 a horizontal lift of 7, 
7(0) = Z e Xat, 7(0) ^ uo, X e TzXn, s a section oi E ^ A{Xn) over [/, 
then we can write: 

K7t) = [(7W,e(7t))] (202) 

for some rj : Xat — )■ C[[{|P)/|P| = 1}]]. The covariant derivative of s{t) along 
7(t) at 7(0) = Z is defined by: 



(7(0),|e(7(t))k=o) 



(203) 



my; 



For (7 fixed, we can write 7(t) = a{'jt)g{jt). For |P| = m, P = (Pi, ■ ■ ■ , P, 
|P) = |Pi) . ... . |P^) is the P-th basis vector of C[[{|P) | |P| = 1}]]. Consider 
the following section of E: 

ep{Z) = [{a{Z),\P))] (204) 

so that: 

ep(7t) = Bit) ■ g-\t), |P))] = amg-'it) ■ |P))] (205) 
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Then: 



(7(0),|(^-^(t)-|P))k=o)] 



im, -9~\t)-9{t)9-\t)-\P)U=o)] 



(206) 
(207) 



(7(0),- 


-g-\0)dg{X)g-\0) ■ \P))] 


(208) 


(7(0),- 


-g-\OMX)g{0)g-\0) ■ |P))] 


(209) 


(7(0),- 


-g-\OMX) . \P))] 


(210) 


(7(0)<7" 


~\0),-u{X).\P))] 


(211) 




-u{X) . \P))] 


(212) 



thatis Vep = [{a{Z), —uj\P))]. More generally, for a section s(Z) = [{(7{Z),C,{Z))] 
of E with ^ = X^pAp|P), then using essentially the same computational 
techniques, and letting ^{t) = g{t)r){jt), we would find: 



d 



^[{m,-9-\oMx)m+9-\Q)j^m\t=o) 

= [(7(0)^7-^(0), |e(t)k=o-c.(X)C(Z))] 
^[{a{Z),daX)-uj{X)i{Z))] 



(213) 

(214) 

(215) 
(216) 



and in a more compact notation Vs = [{cr{Z), [d—u})^(Z))]. When wc consid- 
ered elements '0(-^) — Yip '^p{Z)\P) oiA{Z) we really meant Xp{Z)ep{Z) 
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and: 

Vs=[{a,{d-io)Y,^p\P))] (217) 
p 

= ^{d-uj)Xpep (218) 
p 

= {d-uj)^Xpep (219) 
p 

■■= ^Aix.)i^ (220) 
which is the KZ connection on A{Xm) as initially introduced. 
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